It is common knowledge that a dark soliton can be excited in an ultra-cold atomic gas by means of the phase imprinting method. We show that, for a superfluid fermionic mixture, the standard phase imprinting procedure applied to both components fails to create a state with symmetry properties identical to those of the dark soliton solution of the Bogoliubov-de Gennes equations. To produce a dark soliton in the BCS regime, a single component of the Fermi mixture should be phase imprinted only.
It is common knowledge that a dark soliton can be excited in an ultra-cold atomic gas by means of the phase imprinting method. We show that, for a superfluid fermionic mixture, the standard phase imprinting procedure applied to both components fails to create a state with symmetry properties identical to those of the dark soliton solution of the Bogoliubov-de Gennes equations. To produce a dark soliton in the BCS regime, a single component of the Fermi mixture should be phase imprinted only. Solitons, or solitary waves, are solutions of non-linear wave equations that can propagate without change of shapes. Electromagnetic solitons have been intensively studied in non-linear optics [1] . Ultra-cold atomic gases offer a playground for investigation of matter-wave solitons. At low temperature Bose atomic gases form BoseEinstein condensates (BEC) which, in the mean field approximation, can be described by a single-particle nonlinear Gross-Pitaevskii equation (GPE) [2] . Depending on the sign of the s-wave scattering length of atoms, the GPE can possess bright or dark soliton solutions [3, 4] . Both kinds of solitons have been created in a laboratory [5] [6] [7] [8] . Signatures of the quantum nature of solitons -beyond the mean-field GPE -have been predicted [9] [10] [11] [12] [13] [14] , but have not been observed so far in ultra-cold atomic gases.
At low temperature a two-species Fermi gas undergoes a transition to a superfluid phase if the particle interactions are attractive. In the weak coupling BardeenCooper-Schrieffer (BCS) regime, the system is described by a set of non-linear Bogoliubov-de Gennes equations [15] . These equations describe the ground state of the atomic gas but they can also describe a dark soliton solution where particle densities are nearly the same as for the ground state case but the BCS pairing function possesses a phase flip at the position of the soliton [16] [17] [18] . Similar solutions appear also in the theory of conducting polymers where, however, the order parameter is real [19] . On the BEC side of the BCS-BEC crossover regime, the BCS pairing function can be identified with the condensate wave-function of a molecular condensate corresponding to the dark soliton solution of the GPE [18, 20] .
Dark solitons in Bose gases are excited experimentally by means of a phase imprinting method where half of the cloud acquires a phase π after a short interaction with a laser radiation [5, 6] . A similar procedure was applied in a superfluid Fermi mixture [21] resulting in a local disturbance of the atomic density which oscillated in an harmonic trap much more slowly than predicted for a dark soliton [22] [23] [24] . In a recent experiment [25] it has been shown that the state created by means of the phase imprinting method evolves very quickly to a so-called vortex soliton -see also theoretical analysis in Refs. [26, 27] . In the present article we show that, in order to create a state of a superfluid Fermi gas with symmetry properties identical to those of a stationary dark soliton solution of the Bogoliubov-de Gennes equations, the phase imprinting procedure has to excite one fermion of a Cooper pair only.
A two-species Fermi gas with attractive inter-species interactions is described by the Hamiltonian
whereψ i are the fermionic field operators for the two atomic species,
∇ 2 +V i (r)−µ with an external potential V i and a chemical potential µ, and g > 0 is the interaction strength. We assume that all atoms are at zero temperature, have the same mass m and that there is a balanced mixture of the two species. In the BCS approach [15] the Hamiltonian (1) is approximated by an effective Hamiltonian, quadratic in the field operators, which contains the mean field ∆(r), i.e. BCS pairing function, given by
at T = 0, where the modes u n and v n are solutions of the Bogoliubov-de Gennes (BdG) equations
with
The sum in Eq. (2) is divergent because a naive Diracdelta potential is used to describe particle interactions. Careful application of the proper pseudo-potential does not result in the divergence [28] , i.e. it leads to the equation for the pairing function where g is substituted by g eff , see Eq. (10). Let us assume that all particles experience the same external potential, V 1 (r) = V 2 (r) = V (r) where V (x, y, −z) = V (x, y, z). The ground state of the system is described by a z-symmetric pairing function ∆(x, y, −z) = ∆(x, y, z). However, there also exist antisymmetric solutions [16] [17] [18] . In the following we will concentrate on the case where
Both external potentials are symmetric
. Thus, if we assume an anti-symmetric pairing function (5), the operator L, Eq. (4), commutes with the following unitary operator
where P z : z → −z is the parity operator along the z direction. Solutions of Eq. (3) can be divided into two families corresponding to eigenvalues ±1 of P [16] , i.e.
This property of the Bogoliubov modes is consistent with the assumption (5) because all terms u n (r)v * n (r) in Eq. (2) are anti-symmetric. Equations (7) uncover the structure of the Bogoliubov modes corresponding to the stationary dark soliton solution of the BdG equations. In order to create a dark soliton state, it is thus not sufficient to concentrate on the creation of an anti-symmetric pairing function only. The latter can be realized by many different sets of u n and v n . To realize the stationary dark soliton solution of the BdG equations, the symmetries (7) have to be imposed on the Bogoliubov modes. This problem is analyzed in the following.
Phase imprinting applied to both gas components. In order to create a dark soliton state in a Fermi gas, the phase imprinting method is a natural choice. It relies on illuminating one half of the atomic cloud (say the z > 0 part) by a strong laser radiation that lasts a short period of time. The laser radiation is detuned from the atomic resonance and results in an additional external potential experienced by the atoms. Let us start with the ground state of the system and assume that both species of the Fermi mixture are subjected to the same laser radiation, i.e. V 1 (r) = V 2 (r) = V (r) + I 0 θ(z) where θ is the Heaviside step function, lasting for a time period τ . If the radiation is strong and τ is much shorter than any characteristic time scale of the internal dynamics of the system, the solution of the time-dependent version of the BdG equations (3) can be approximated by
and consequently ∆(r, t+τ ) ≈ e −i2I0θ(z)τ / ∆(r, t). Thus, the anti-symmetric pairing function, Eq. (5), is realized if the laser intensity and the interaction time τ fulfill I 0 τ / = π/2. Then, however, the Bogoliubov modes Eqs. (8)- (9) are neither symmetric nor anti-symmetric functions of z and consequently very far from what we expect for the stationary dark soliton solution Eq. (7). We show, by means of numerical simulations, that after such a phase imprinting, the time evolution quickly produces a pairing function which has very little in common with the stationary dark soliton solution.
In the numerical simulation we consider a harmonic potential along the z-direction, i.e. V (r) = mω 2 z 2 /2, while in the transverse directions we assume a box of length L ⊥ with periodic boundary conditions. In the following we use the harmonic oscillator units, i.e. ω, /mω and 1/ω for energy, length and time, respectively. It is convenient to use the plane wave basis for the transverse degrees of freedom and discretize the space in the zdirection with a spatial grid δz. In the three-dimensional (3D) space, the equation for the pairing function, Eq. (2), requires regularization (1) [15] . The regularization leads to an effective coupling constant,
which substitutes for g in Eq. (2). In Eq. (10),
where E c is an energy cut-off and g = 4π|a| where a stands for the s-wave scattering length. The logarithmic term in (10) results from the Bogoliubov modes with E n > E c +µ calculated within the local density approximation [17, 29] . This term significantly improves the numerical convergence. Having calculated the stationary solution of the BdG equations corresponding to the dark soliton state, we define the wave-function
In the numerical simulation of the phase imprinting procedure, we start from the ground state solution of the BdG equations. Then, the potential I 0 θ(z) is applied to both gas components for a duration τ = 10 −3 with I 0 adjusted so that I 0 τ = π/2 and the subsequent time evolution of the system is simulated. In Fig. 1 , we present the time-dependence of the squared overlap between the dark soliton state and the state obtained by phase imprinting: | ψ sol |ψ(t) | 2 where ψ(r, t) = ∆(r, t)/ ∆(t)|∆(t) . We also show the pairing functions for both states at time t = 10. As expected from the previous analysis, they look very different.
Phase imprinting applied to one component of the gas. For the ground state of the system, u n (r) and v n (r) are both symmetric or anti-symmetric under the transformation P z : z → −z [30] . In the dark soliton case u n (r) and v n (r) must possess different symmetry with respect to the P z operation. This can be achieved if, starting from the ground state of the system, only one fermion of a Cooper pair is excited in the phase imprinting process, i.e. V 2 (r) = mω 2 z 2 /2 and V 1 (r) = V 2 (r) + I 0 θ(z). During a short period τ of the phase imprinting process, the time-dependent BdG equations can be approximated by
and consequently If I 0 τ = π, the Bogoliubov modes possess symmetry properties identical to those for the stationary dark soliton state, Eqs. (7). The pairing function is antisymmetric, ∆(x, y, −z, t + τ ) ≈ −∆(x, y, z, t + τ ), and remains anti-symmetric in the course of the time evolution, see Fig. 2 . From the description of the experiments in Refs. [21, 25] , we conclude that the phase imprinting procedure has been applied to both components of a Fermi mixture. Similar assumption has been made in Refs. [26, 27] where the theoretical analysis of the experiment [21] is carried out. Careful theoretical [26, 27] and experimental [25] analyses show that, due to a dynamical instability of the 3D system, the state created by means of the phase imprinting method does not follow the dark soliton evolution. Our analysis indicates that even if the dynamical instability was suppressed, the imprinting of the phase on both components of the gas would not be able to create a stable dark soliton state. This is due to an additional kinetic energy E ex transferred to the superfluid system in the two-component imprinting process as compared to the single component one. Assume that a smooth optical potential is used in a phase imprinting procedure. Such a potential applied for time duration τ imprints a phase φ(z) on one component of a gas mixture that changes smoothly by π on a length scale ǫ. Similar potential, and for the similar time duration, can be used in the two-component version of the phase imprinting method. It results in the Bogoliubov modes which possess an aditional phase factor e −iφ(z)/2 as compared to the single-component case. Calculating the energy dif-ference between the two-and single-component cases one obtains
where v n (r) are components of the Bogoliubov modes corresponding to the ground state of the system. It is thus large when a sharp phase jump is used. We have concentrated on an ideal version of the phase imprinting procedure, i.e. when the optical potential is given by the Heaviside step function I 0 θ(z). In the BCS regime such an imprinting is very effective because unnecessary perturbations of the pairing function die out very quickly due to transfer of energy between the superfluid and normal components [26, 27] . On the BEC side of the BEC-BCS crossover, the phase imprinting with the potential I 0 θ(z) leads to large density waves and therefore a smoother version of the potential has to be used. We have checked that in the BEC regime, the phase imprinting with a smooth potential (i.e. ǫ ≫ δz) is equally effective regardless it is applied to only one or both gas components as expected due to the small E ex . In the BCS regime, the single component imprinting with a smooth potential is less effective than with the I 0 θ(z) potential, i.e. it creates a moving soliton which becomes distorted and disappears at the edge of the cloud.
In our numerical simulations, we do not probe a dynamical instability in the 3D space. The box potential in the transverse directions we consider implies that the Bogoliubov modes can be labeled by transverse particle momenta. It allows us to significantly simplify the numerical calculations. Numerical simulations of the fully general 3D phase imprinting on a single gas component, which can test dynamical instability, is a challenging task [26] . Indeed, the application of different external potentials to different gas components requires numerical integration of the BdG equations in the 3D space without any symmetry assumption. However, one may expect that, in the case of a trapping potential with a sufficiently strong transverse confinement, the dark soliton state should remain stable for a sufficiently long time for experimental observation [24] .
In summary, we have analyzed the phase imprinting procedure for exciting a dark soliton in a superfluid Fermi mixture. We point out that in the BCS regime, the same phase imprinting applied to both components of a Fermi gas is not able to create a stable dark soliton. In order to populate Bogoliubov modes with the same symmetry properties than the dark soliton, the phase flip πθ(z) has to be imprinted in one fermion of a Cooper pair while the other fermion should remain intact or acquire a trivial phase j2πθ(z) where j is integer. This can be realized by applying a laser radiation which is much more detuned from electronic transition for one kind of atoms than for the other kind. This is possible if different elements form the Fermi mixture. If the same elements in different hyperfine states are used, then application of an appropriate polarization of the laser radiation should be able to choose which atoms are phase imprinted.
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